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Characterization of Gaussian Distribution on a Hilbert Space

from Samples of Random Size
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Abstract: We obtain two characterizations of the Gaussian distribution on a Hilbert space

from samples of random size.
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1 Introduction

Several characterizations of the univariate and the multivariate normal distribution are known
(cf. Kagan et al. [4], Prakasa Rao [9]). Most of these results involve statistics based on fixed
sample sizes. However there are situations, such as in study of population growth using
branching processes, the size of a generation depends on the size of the previous generation
which itself is random. For the breeding habit and study growth of an organism in one
generation, one needs to study distributions of statistics based on population sizes of the
previous generation which in turn are random. In such cases, it is necessary to characterize the
underlying distribution based on samples of random size. Cook [1] obtained a characterization
of correlated normal random vectors. Kagan and Shalaevski [4]) obtained characterization
of normal distribution by a property of the non-central chi-square distribution. Kotlarski
and Cook [5] extended the results in Cook [1] and Kagan and Shalaevski [4] and obtained
two characterizations of the multivariate normal distribution based on samples of random
size. Prakasa Rao [8] obtained similar results in an unpublished report. In view of the recent
development of methods of functional data analysis, it would be of interest to investigate
whether the results on characterizations of Gaussian distribution obtained in the case of
Euclidean spaces R and R* continue to hold when the observation space is a function space
such as a Hilbert space. Our aim is to characterize the Gaussian distribution on a real

separable Hilbert space H from samples of random size. Example of such a space H is the
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space of square integrable functions f on the real line associated with the norm

1]l =1 /R () 2] 2.

2 Preliminaries

Let (Q,F,u) be a probability space and H be a real separable Hilbert space. Let B be the
Borel-o-algebra generated by the norm topology on the space H. A mapping X : Q — H is
said to be a random element taking values in a Hilbert space H if X~ }(B) € F for every
B € B. Define

ux(B) = n(X~'(B)), B € B.

It is easy to check that px is a probability measure on the measurable space (H,B). Let
M(H) denote the class of all probability measures on (H,B). Let < z,y > denote the inner
product and ||z|| the norm defined on the Hilbert space H. Let v € M(H) be such that

/ [][2v(dz) < oo.
H

Then the covariance operator S of v is the Hermitian operator determined uniquely by the

quadratic form

< Sy,y >= / < z,y >2 v(dz).
H

A positive definite Hermitian operator S on the Hilbert space H is called an S-operator
if it has finite trace, that is, for some orthonormal basis {e;,7 > 1}, of the Hilbert space H,
the sum Y 72, < Se;,e; >< oo. In such a case, the inequality holds for every orthonormal

basis of the Hilbert space H.

Suppose v is a probability measure in M(H) such that
/ l2|[v(dz) < co.
H
It can be shown that there exists an element xg in H such that

< xo,Yy >:/ < z,y>v(dr),y € H.
H

The element x( is called the mean of the probability measure v or the expectation of the

random element X if the distribution of the random element X is v. We denote the mean or

/H;U v(dx).

expectation xy by the notation



For any probability measure v on the measurable space (H, B), the characteristic func-

tional (.) is a functional defined on H by the relation

v(y) = / e <PY>y(dx),y € H.
H

The characteristic functional ¢x(.) of the random element X is given by

ox(y) = /H <PV (), y € H

= /ei<X(w)’y>,u(dw),y € H.
Q

It is known that there is a one-to-one correspondence between the characteristic functionals
and the probability measures on H. Furthermore the characteristic functional ¢ x of a random

element X satisfies the conditions

¢x(0) = 1;]ox(y)| < 1,0x(y) = ox(—y),y € H

where 0 denotes the identity element in H. Moreover the function ¢x(.) is continuous in the
norm topology . In addition, if X and Y are independent random elements taking values in

h, then X 4+ Y is also a random element taking values in H, and

x4y (t) = ox(t)oy(t),t € H.
For proofs of these results, see Parthasarathy [7] or Grenander [2].

A probability measure px generated by a random element X on a Hilbert space H is said
to be Gaussian if its characteristic functional ¢x(y) is of the form

_ 1
ox (y) = exp{i < o,y > —5 <Yy >}

where x is a fixed element in H and S is an S-operator on H. It can be shown that x( is the
mean and the operator S is the covariance operator for Gaussian measure with characteristic
functional ¢x(y),y € H (cf. Grenander [2], Theorem 6.3.1.). The following result is due to
Grenander [2], p. 141.

Theorem 2.1: (i) Suppose X and Y are two independent random elements taking values
in a Hilbert space H with Gaussian measures with the means mx and my and covariance

operators Sx and Sy respectively. Then X +Y is a H-valued random element with Gaussian



measure with the mean mx 4+ my and the covariance operator Sx + Sy. Conversely, if
Z = X 4+ Y is a sum of independent random elements taking values in H with Gaussian
measure, then the random elements X and Y must have Gaussian measures.
(ii) If X is a random element taking values in a Hilbert space H with Gaussian measure px,
Then X can be represented as o
X=m+ Z Vi€

i=1
where {e;,i > 1} is an orthonormal basis on H and {t;,7 > 1} are independent mean zero
Gaussian random variables with Var(iy;) = 02,4 > 1 and {0?,i > 1} are the eigenvalues of
the operator S. Furthermore the infinite series is convergent (strongly) with probability one.
(iii)If B is a bounded linear operator from H to H and X is a random element with Gaussian
measure with mean m and covariance operator .S, then the random element ¥ = BX has a

Gaussian measure with mean Bm and covariance operator S = BSB*.

Let X;,1 <4< N and Y;,1 <j <N be two independent samples of independent identi-
cally distributed Hilbert space valued random elements with X; distributed with probability
measure px and Y; distributed with with probability measure py and N be a discrete integer
valued random variable independent of X;,1 <7 < N and Y;,1 < j < N. Let

N
W=>[<5(X;—a),(X;—a) >+ <S2(Y;—b),(Yj—b) >]
j=1

where S1, 59 are known positive definite Hermitian operators with finite traces and a and
b are elements in H. Suppose that E[e_%w] = J(a,b) < co. We prove that the function

J(a,b) is a measurable function of the function
< Sia,a >+ < Ssb,b >

if and only if the probability measures px and py are Gaussian with mean zero vector. This
result generalizes a result characterizing the multivariate normal distribution by Kotlarski and
Wood [6] (cf. Prakasa Rao [8]). Characterization problems of similar nature for identifiability

in stochastic models are discussed in Prakasa Rao [9].

3 Characterizations

We now state and prove the main results.



Theorem 3.1: Suppose that the function J(a, b)) = E[e_%W] < oo for all elements a and
b in H. Then the function J(a, b)) is a measurable function of the function < Sia,a > + <
Sob,b > for a,b € H if and only if the distributions pux and py are Gaussian with mean

z€ero vector.

Proof : It is clear that

Ele?"] = S E[ 2V |N =n]P(N =n)

1
_ i(E[exp(—; < Si(a—X,),(a-X,) >]E[exp(—% < Sa(b—Y;).(b—Y;) >])"P(N = n).
1

n=
n=

The last equality follows from the assumption that X;,1 <7 < N and Y;,1 < j < N are two
independent samples of independent identically distributed k-dimensional random elements

independent of the random variable V. Let

afa) = E[exp(—% < Si(a—X,),(a—X,) ]

and
3(b) = Blexp(—5 < Sa(b—Y;), (b~ Y;) ]

Then, it follows that,

where

Q(z) = ix"P(N =n),0<z<1.
n=1

Note that the function Q(.) is a strictly increasing continuous function on the interval [0, 1].
Hence its inverse is well defined. Suppose that the function £ [e_%w] is a measurable function
of the function < Sia,a > + < S3b, b > . Then there exists a measurable real-valued function
¥(.) such that

(3. 1) b(< Si1a,a > + < Seb,b >) = Q(a(a)B(b))

or equivalently
(3. 2) a(a)f(b) = y(< Sia,a> + < S2b,b >)

where v = Q! 0% for all a,b € RF. It is easy to see that a(0) # 0 and 3(0) # 0 for a =0
and b = 0. Substituting a = 0 and b = 0 alternately, we obtain that

(3. 3) v(< Sia,a >)y(< S2b,b >) = «(0)3(0)y(< Sia,a > + < Sab,b >)



for all a,b € H. Let %
_
"= )50

Note that the function 6(.) is measurable and the equation (3.3) implies that

,t>0.

(3. 4) 0(< Si1a,a >)0(< Sab,b >) = 60(< Sia,a > + < Sab,b >)
for all a,b € H. Hence the function 6(.) is a measurable function such that
(3. 5) 0(t)0(s) = 0(t + s)

for all ¢, s > 0 since S7 and Sy are positive definite operators. Therefore

(3. 6) O(t) = et >0

for some constant c¢. Hence

(3. 7) y(t) = e 'a(0)5(0),t > 0.

Therefore, for any element a € H,

(3. 8) v(< Sia,a >) = e <5122>3(0)a(0),a € H.
Note that
(3. 9) v(< Sia,a>) = a(a)s(0),ac H

from (3.2). Combining the equations (3.8) and (3.9) and noting that 3(0) # 0, it follows that
(3. 10) e <H18a>0(0) = a(a)

= / exp[—% < Si(x —a), (x —a >|ux(dx).
H

The expression on the right side of the equation (3.10) is the convolution of a Gaussian
density with the distribution px within a constant. Hence the expression on the left side
of the equation (3.10) also has to be a probability density function which implies that the
constant ¢ < 0 with a suitable normalizing constant «(0). The characteristic functions of the

probability densities on both sides of the equation (3.10), then, should satisfy the relation
1 9 1

(3. 11) exp[—§ < Sit,t > 0% = exp[—§ < Sit,t > ox(t),t e H

where ¢x is the characteristic function of the random element X for some o2 > 0. Hence

(3. 12) ox(t) = exp[—% < (0281 — Sy)t, t >),t € H.



for some o2 > 0. Since ¢x is the characteristic function of the random element X, it follows
that 02 > 1 and the random vector X has the Gaussian measure with the mean zero and the
covariance operator (0257 — S1). Similar arguments prove that the random element Y is also

Gaussian with mean zero and the covariance operator (6295 — So) for some constant o2 > 1.

The converse part of the result stated in the theorem can be easily verified.

Suppose f and g are probability density functions on H. Let

Z =T, fla—X;)g(b—Y;),a,be H.

Theorem 3.2: Suppose that the function L(a,b) = E[Z] < co,a,b € H. Then the function
L(a,b) is a measurable function of the function (Sia,a) + (S2b,b) if and only if the distri-
butions px and py are Gaussian with mean vectors xg and yo and covariance operators Sx
and Sy respectively and the probability density functions f and g are Gaussian measures

with mean vectors py and p, and the covariance matrices Sy and S, respectively with

o+ pur=yo+ g =0

and
Sx +8S; =02S1; Sy + S, = 025,

for some o2 > 0.

Proof : Let a(a) = E[f(a— X)] and B(b) = E[g(b —Y)],a,b € H. It is easy to check that

(3. 13) EZ] = ) [E(f(a—X))E(g(b~Y))"P(N =n)

n=1

= Q(a(a)p(b)) (say).

Suppose that E(Z) = (< S1a,a >> + < Sab, b >) for some function (.) Then
Q(a(a)B(b)) = (< S1a,a > + < Seb,b) > a,b € H.

This relation is similar to that in equation (3.1). Arguments similar to those given earlier

show that there exists a constant ¢ such that

(3. 14) a(0)explc < Sia,a >] :/Hf(a—x) pux(dx),a € H.



Note that the expression on the right side of the equation (3.14) is the convolution of the
probability density function f with the distribution function px . Hence the function on
the left side of the equation (3.14) has to be a probability density function which implies
that ¢ < 0 and «(0) is a suitable normalizing constant for the corresponding Gaussian
density function with the mean zero and the covariance operator ¢29; for some ¢ > 0. An
application of the Cramer’s theorem for probability measures on a Hilbert space H stated
above (Theorem 2.1) proves that f is a Gaussian probability density function and px is a

Gaussian probability measure such that
pg+azo=0

and
Sf + Sy = 0251.

Similar arguments show that g and puy are also Gaussian with
Hg +yo=0
and

Sg + SY = 0'252.

The converse part of the result in Theorem 3.2 can be established easily.
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